Abstract. We investigate entanglement spectra of the SO(3) bilinear-biquadratic spin-1 chain, a model with phases exhibiting spontaneous symmetry breaking (both translation and spin rotation), points of enlarged symmetry, and a symmetry-protected topological phase (the Haldane phase). Our analysis reveals how these hallmark features are manifested in the entanglement spectra, and highlights the versatility of entanglement spectra as a tool to study one-dimensional quantum systems via small finite size realizations.
Introduction
The notion of entanglement is central to quantum information theory, and has been applied with great success in the analysis of condensed matter systems [1] . Von Neumann entanglement entropy and its generalizations have been invoked in various contexts, including thermalization, diagnosis of topological phases, and properties of conformally invariant quantum systems. Beyond entanglement entropy, the full 'entanglement spectrum' of a system's reduced density matrix ρ A reveals much detailed information about the structure of its ground state [2] . In particular, block-diagonal structures in ρ A derived from a many-body ground state projector |Ψ 0 Ψ 0 | may be exploited to analyze entanglement spectra as a function of quantum numbers associated with symmetries which are preserved by the entanglement cut. The notion of an 'entanglement gap' was established [2, 3] to suggest a separation of "relevant" low-lying entanglement levels from "spurious" low probability (high entanglement energy) levels. In some cases, such as the fractional quantum Hall effect and symmetry-protected topological phases (SPTs) [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] , the relevant low-lying levels have similarities to the energy levels of an edge Hamiltonian, although this line of reasoning is not universal [13] .
While the task of connecting entanglement measures to physical observables is still at an early stage [14] , the entanglement spectrum in particular has become a major tool to investigate one-dimensional quantum many-body systems. On a qualitative level, this is due to the fact that entanglement spectra allow the reliable extraction of information far beyond that obtained from the entanglement entropy. For gapless 1-d systems, the entanglement spectral distribution is fully characterized by the central charge of the associated conformal field theory [15] which one could deduce from the entanglement entropy [16] . The entanglement spectrum, however, also determines the boson compactification radius associated with the operator content of the boundary CFT [17] . For gapped 1-d systems the entanglement spectrum can completely determine whether a system is topological or not, and provides a classification of such topological 1-d phases [11, 18] .
In this article we investigate the finite size structure of the entanglement spectrum of the spin-1 bilinear biquadratic model for the spatial ground state bipartition of a 12 site realization, which will be defined in Section 2. For the ferromagnetic phase exhibiting spontaneous spin rotation symmetry breaking in the thermodynamic limit, the entanglement spectrum is calculated analytically and interpreted with respect to finite vs. infinite size entanglement in Section 3. In Section 4, the Uimin-Lai-Sutherland point of the quadrupolar phase is shown to exhibit an extensive number of zeroes in the reduced density matrix which we analytically trace back to its enlarged internal SU(3) symmetry. In Section 5, the dimerized phase with mod2 translation symmetry breaking is readily identified by the even-odd asymmetry of the ground state bipartition. At the negative biquadratic point, breaking of external symmetries, i.e. symmetry transformations involving the spatial coordinates such as translation, together with internal symmetry enhancement is shown to yield a rich entanglement structure. In the symmetry-protected topological Haldane phase discussed in Section 6, we find a correspondence between entanglement spectra and the low-energy spectrum of an open boundary Hamiltonian. We further employ the single mode approximation to obtain perturbative ground states around the Affleck-Kennedy-Lieb-Tasaki (AKLT) point, and show that it correctly yields the lowest-lying entanglement deformations away from AKLT. In Section 7, we conclude that entanglement spectra for finite size realizations constitute a highly efficient tool to understand the underlying structure of one-dimensional quantum many-body systems.
Model and ground state bipartition
We consider the bilinear biquadratic spin 1 chain given by
where
γ n δ nn and the angular parameter 0 ≤ θ < 2π specifies the sign and relative strength of the bilinear and biquadratic interactions. The phase diagram has been thoroughly investigated by numerical studies (Fig. 1) . A ferromagnetic phase for π/2 < θ < 5π/4 exhibits spin rotation symmetry breaking and is the only phase of (1) in which the ground state does not reside in the singlet sector. The phase for π/4 < θ < π/2 has been investigated numerically [19] and was found to be gapless with soft modes at k = 0, 2π/3 and 4π/3, with the dominant quadrupolar correlations [20, 21] . At θ = π/4, the quadrupolar phase terminates in the integrable Uimin-Lai-Sutherland point [22, 23, 24] , which will be discussed further below. Throughout −π/4 < θ < π/4, the ground state is a symmetryprotected topological phase identified by Haldane [25] . Anchored by the exact solution for a gapped valence bond solid at the AKLT point tan θ = 1 4 [26], the persistence of the spin gap throughout the Haldane phase was investigated and confirmed by early large scale numerics [27, 28] . Finally, the dimerized phase for 5π/4 < θ < 7π/4 exhibits translation symmetry breaking as well as an associated dimerization gap, and is framed by the multicritical SU(2) 2 Takhtajan-Babujian point [29, 30, 31] to the Haldane phase and by the negative Uimin-Lai-Sutherland point to the ferromagnetic phase [32] , where the latter transition point is challenging to resolve numerically because of the rapidly vanishing dimerization gap [33] .
Consider a finite size realization of (1) for a given θ * for N sites on open (OBC) or periodic (PBC) boundary conditions (Fig. 1) . Because of finite size splitting, there will always be a unique ground state Ψ
, where 1 represents the local spin-1 degree of freedom at a single site. According to the Schmidt decomposition with respect to a spatial bipartition, we split the Hilbert space into two regions A and B according to H = H A × H B , with the number of sites included in the regions given by N A +N B = N . From there, we define the reduced density matrix ρ A =Tr B ρ, where ρ = Ψ θ * 0 Ψ θ * 0 , and Tr B denotes a partial trace over all N B sites. Following [2] , this is associated with a Boltzmann factor of unit temperature ρ A = exp(−H A ), where H A denotes the entanglement Hamiltonian of region A. Depending on OBC or PBC, H A mimics one or two cuts between region A and B (Fig. 1) . The entanglement spectral levels will be denoted by ξ = spec[
(Note that aside from the real space partition introduced above, other cuts such as the momentum cut [34, 35, 36] or the rung cut [37, 38] have been advocated in the context of low-dimensional spin systems.)
In the case of an isotropic spin chain as in (1), the block diagonal structure of ρ A (and equivalently H A ) is fully determined by the spin representation of Ψ for S z A = 0, aside from global normalization, takes the form
One finds that the matrix E A consists of several blocks with identical individual entries, the size of which being dictated by the number of basis states with the same relative weight. Determining the size of these blocks is given by the dimension of the S z (S z A ) subspaces of the Hilbert space for a given chain length
where x denotes the floor function. By construction, all columns (and rows) are linearly dependent, i.e., E A has rank 1 and the characteristic polynomial reads P [µ] = µ N A −1 (µ − g) where µ = g is the only non-zero eigenvalue given by
Restoring the overall normalization of
, where the norm is given by Following numerical work [19] , it was understood that the quadrupolar phase could be suitably characterized by the θ = π/4 point. This is the Uimin-Lai-Sutherland (ULS) model, an integrable SU(3) 1 model with an exact solution of the Bethe Ansatz type [22, 23, 24] . At this point, the interaction between sites is, up to a constant, proportional to −P 1 (n, n + 1), where P 1 is the projector onto total spin J = 1 for the neighboring sites. The J = 1 triplet is thus the ground state of the link, and the J = 0 singlet and J = 2 quintuplet combine to form a degenerate sextuplet. The Hamiltonian can then be mapped onto that of the antiferromagnetic SU(3) Heisenberg chain in the fundamental representation, since 3 ⊗ 3 =3 ⊕ 6. As known from the SU(N ) formulation of the Lieb-Schultz Mattis theorem [39] , and consistent with the generalized SU(N ) Haldanegap criterion [40] , this model is gapless. Despite its solvability, from the viewpoint of numerical entanglement measures, it is still generally involved to extract the critical theory content for such models from finite size scaling [41] .
The enhanced internal SU(3) symmetry, however, can be readily derived (see also Appendix A) and, because of its locality, manifests itself for any finite size realization. Along with the SU(3) singlet property of the ground state, this yields an SU(3) multiplet structure for ρ A , where the representations of SU (2) arrange accordingly in the entanglement spectrum ( Fig. 3 ). (Alternatively, one can directly adapt SU(3) Casimir operators J 3 and J 8 to label the individual blocks of ρ A .) Aside from the exact SU(3) symmetry specific to the ULS point, the qualitative entanglement features carry over to the whole quadrupolar phase. A notable aspect of ρ A for finite size realizations of the ULS point is the observation of an extensive number of zeroes which are due to the enhanced SU(3) symmetry. To illustrate the latter for N = 12, note first that because of its singlet property, any ground state configuration should contain 4 green, blue, and red particles according to the notation in Fig. A1 , which directly connects to 4 sites located in the state S z i = −1, 0, and 1, respectively. Considering now the Schmidt basis of region A (Fig. 1b) , it trivially follows that any basis configuration will contribute a zero eigenvalue which would necessarily yield a total state configuration violating the SU(3) sum rule mentioned before. For N = 12 and N A = 6, this corresponds to all configurations with 5 or 6 particles of one color in the Schmidt basis. Since all configurations form SU(3) multiplets, such configurations are interpreted as the seed states for the multiplets they belong to which are all disallowed, i.e. the total number of zeroes is given by the total dimensionality of the associated SU(3) representations. How many such representations, and hence how many zeroes of ρ A , there are can be elegantly expressed in terms of SU(3) Young tableaux. For N = 3 * n, n ∈ N, it corresponds to counting all representations with a number of symmetrized blocks that exceed n (Fig. 4) . In our case, we have to consider
, and the total number of zeroes hence gives 5 × 35 + 28 = 203 in the ground state bipartition ρ A due to SU(3) symmetry. Away from the ULS point, the zero modes of ρ A for ULS become very small eigenvalues of ρ A and hence yield entanglement levels at high ξ. It gives a generic explanation for the large amount of high entanglement energy levels in the quadrupolar phase. The argument of bipartition-induced zero mode representations carries over to analogous scenarios for SU(N ) entanglement spectra. (3) point at θ = 3π/2 for PBC. Aside from degeneracies between different S A sectors dictated by enhanced SU(3) symmetry, the low-lying entanglement spectrum of the gapped state switches between a singlet and triplet, which is reminiscent of translation symmetry breaking in the dimerized phase.
Dimerized phase: Translation symmetry breaking
5.1. SU(3) dimerized point at θ = 3π/2 As alluded to in Appendix A, the model (1) for θ = 3π/2 exhibits enhanced internal SU(3) symmetry similar to the ULS point discussed in Section 4. Here, however, the Hilbert space relates to an alternating 3 and3 representation. This has fundamental consequences on the very nature of the state. While it is still amenable to analytic solution, the state is not gapless but exhibits a gap along with translation symmetry breaking [42, 43] , where the gap could be quantified by transfer matrix Bethe Ansatz [44] and allows to estimate a spin-spin correlation length of 21 sites. It is revealing how the joint appearance of enhanced SU(3) and translational symmetry breaking manifests itself in the entanglement spectrum for small system sizes. To begin with, because of the 3×3 Hilbert space structure, there is only an SU(3) sum rule for neighboring sites: in terms of SO(3) spin configurations for an even number of lattice sites, it implies that one finds non-zero weights in the ground state wave function only for basis states composed of two-site sequences [S 
Entanglement gap vs. energy gap
The onset of translational symmetry breaking can be detected e.g. by analyzing (N, N A ) = (12, 5) and (12, 6) (Fig. 5) . For gapped spin chains, the correspondence • Multiplet structure of the lowest lying levels in the dimer and the SU(3) phase?
• Dimer phase = VBS dimer state + generic levels (similar to the Haldane phase)?
• Entanglement gap scaling in critical phase: can we explain it using a level statistics argument? The idea is that the lowest level ⇠ 0 (singlet) gives its weight (which is high for small system sizes) away to all the other levels. This we know empirically and it also makes some sense. Hence all the other levels get a small part of the weight which the singlet loses. This explains the curve of the di↵erence ⇠ 1 ⇠ 0 for larger system size. Can we substantiate this handwaving argument?
• Why are the maxima of EG and Hamiltonian gap not at the same position? between the entanglement spectrum and the open boundary Hamiltonian spectrum can be developed (see e.g. Ref. [45] ). This is because the low-energy modes contributing to the entanglement Hamiltonian, as located at the Schmidt boundary, correspond to the low-energy modes located at the physical boundary. For entanglement spectra in the dimerized phase, the lowest lying singlet state seen for N A = 0 mod 2 alternates with the lowest lying triplet state for N A = 1 mod 2. Note that this is not trivially dictated by the Hilbert space structure, as any even or odd tensor product of SO (3) representations contains singlets. Upon inspection, both low-energy spectra for (N, N A ) = (12, 5) and (12, 6) , in terms of spectral structure and eigenvectors, correspond to an OBC N = 5 and N = 6 realization of (1). The even chain yields a lowest-lying dimerized singlet, while the lowest-lying odd chain state breaks a dimer singlet into a triplet state. This spectral structure carries over to the entanglement spectrum of the whole dimer phase. For the N A = 6 cut, an entanglement gap between the singlet state and the second lowest quintuplet state (θ > 3π/2) or triplet state (θ < 3π/2) can be defined (cf. Fig. 6) , with a corresponding level crossing cusp at θ = 3π/2 [46] (see also Appendix B). Interestingly, the energy gap shows a similar, but not identical behavior. As can be also supported by larger scale density matrix renormalization group (DMRG) calculations, the energy gap maximum does not match the entanglement gap -- maximum (Fig. 6 ). It stresses once again that while certain universality features are shared between energy spectra and entanglement spectra in gapped phases, this does not extend to non-universal features such as gap maxima.
Symmetry-protected topological Haldane phase
The Haldane phase exhibits an energy gap without breaking of translation symmetry. The entanglement analysis shows no breaking of any other symmetry of (1). The correspondence between the entanglement spectrum and the OBC Hamiltonian spectrum can be studied already for small finite system size. Fig. 7 shows the entanglement spectrum for even and odd N A . The general structure of the entanglement spectrum stays unchanged, in clear contrast to the analogous analysis for the dimerized phase in Fig. 5 . A triplet and a singlet level appear to form a separated low-energy set from the rest of the energy spectrum, where the singlet (triplet) state is the lowest entanglement energy state for even (odd) N A . This is identically found for the OBC Hamiltonian spectrum.
Entanglement gap vs. energy gap
The gap of the Haldane phase, and its entanglement Hamiltonian correspondence to OBC spectra derived from there, is identified as a Berry phase effect in integer spin chains [25] and characterized by the AKLT point where the gap can be calculated analytically [26] . The AKLT model has become the paradigmatic symmetry-protected topological phase in one dimension [11] , where the OBC low-energy behavior is characterized by one dangling spin- 1 2 degree of freedom at each boundary. This likewise characterizes the low-energy entanglement spectrum, i.e., the dangling spins form a triplet and a singlet which are separated from the other levels by an entanglement gap or energy gap, respectively (Appendix B). While the energy gap always stays finite, the entanglement gap becomes infinite at the AKLT point, where the ground state can be exactly characterized by a matrix product state with bond dimension D = 2. Fig. 8 depicts the entanglement spectral flow through the Haldane phase along with a comparison of energy gap vs. entanglement gap. From the ALKT point, branches of levels come down in entanglement energy and eventually close the entanglement gap towards the ULS point at π/4 and the Takhtajan-Babujian point at −π/4, respectively. The energy gap similarly closes at ±π/4 as seen in finite size scaling, but exhibits a gap maximum shifted against the entanglement gap maximum at the AKLT point. (The observation from small finite size is confirmed by large scale calculations, see e.g. Ref. [28] .) This is similar to the dimerized phase in Fig. 6. 
Single mode approximation
Our starting point is the AKLT Hamiltonian plus the Heisenberg term as a small perturbation,
Using the spectrum of single mode approximation (SMA) excitations, it is possible to derive an approximate perturbation theory in the difference H−H AKLT . (Note that SMA was employed previously to elucidate the relation between valence bond states (VBS) and the Laughlin state [47] .) The idea goes back to unpublished work of Haldane, and was later elucidated in Ref. [48] . One proceeds by idealizing the triplet SMA levels as bosonic excitations, and asserting the approximate operator correspondence
is the static structure factor. The bosonic form of the perturbed Hamiltonian in (6) is then
where the structure factor and SMA dispersion were computed in Ref. [47] and found to be s(k) = 2(1 − cos k)/(5 + 3 cos k) and ω(k) =
27
(5 + 3 cos k). Solving H bos by a Bogoliubov transformation, one obtains the renormalized structure factor
where ∆(k) = 2 s(k) cos k. The corresponding spin wavefunction is then given by
where |Ψ 0 denotes the AKLT ground state. Expanding to leading power in ε, we have
where the kernel K nn is the Fourier transform of 2∆(k)/ω(k)s(k) = 4 cos k/ω(k), and is given by the expression (j := n − n )
The expression for Ψ 0 has a clear correspondence with first order perturbation theory, wherein
if we approximate |n ≈ s(k)
, and E n ≈ ω(k).
Operator product expansion of the SMA wave function
Defining the operator-valued matrix,
and the vectors
we have the matrix product operator (MPO) expression,
If the AKLT state is written in matrix product form as
where L| and R| are vectors which passivate the end sites n = 1 and n = N , rendering them S = 1 2 , then the SMA state is a MPS with
and i = (a, µ) is a composite index. In our example, a runs from 1 to 5, µ from 1 to 2, and m from 1 to 3. Thus, i runs from 1 to 5 · 2 = 10. Similarly, |L = |L ⊗ |L , etc. The fact that A m i,i is of rank ten means that there must be ten entanglement levels. More frequent than a double cut of a finite size bipartition, the single cut associated with a semi-infinite partition has been employed to identify the symmetry-protected topological character of the Haldane phase [11] . The latter is simulated for small finite size by passivating the dangling spins in an OBC geometry (Fig. 1b) and choosing the S z tot = ±1 sector. Combining the valence-bond picture (see Fig. 9 ) and the framework of SMA, we will demonstrate that the ES in the Haldane phase must be two-fold (or, in general, even-numbered) degenerate.
Suppose we partition the chain such that sites j ∈ {1, 2, ..., N A } are in subsystem A and the remaining sites are in subsystem B. It follows that we may write
where |Ψ A includes contributions for n < n ≤ N A , |Ψ B includes contributions for N A < n < n , and |Ψ AB includes contributions for n < N A < n (Eq. 11). We may then write the density matrix ρ = |Ψ Ψ| as
We now perform the partial trace over the B subsystem. For ρ 0 , ρ A , and ρ B , this results in one link being severed by the entanglement cut. There are then exactly two entanglement eigenstates in each case (i.e., a doublet). For ρ AB , three links are severed (see Fig. 9 ), resulting in two doublets and one quadruplet entanglement levels. Assuming that the doublets are linearly independent, we find three linearly independent doublets and one quadruplet, resulting in ten entanglement levels, as previously deduced. The upshot of this analysis is that one predicts the appearance of doublets and quadruplets, but nothing else. Here we recover the two-fold degeneracy (or, more generally, evennumber degeneracy) of the ES for the Haldane phase [11] . If we allow for higher processes and go beyond the linearized SMA version considered here, we will generate higher-order links as compared to |nn . Still only configurations are generated where the real space cut intersects an odd number of links. Therefore the ES will remain even-numbered degenerate.
The double degeneracy of the ES for a single cut in the Haldane phase clearly distinguishes the Haldane phase from the dimer phase. While the SMA picture can explain the two-fold degeneracy in the ES, one might naively expect that breaking of SU(2) symmetry would lift these degeneracies. This is, however, not true. As shown in Ref. [11] , the Haldane phase is protected by time-reversal, bond-inversion, and dihedral symmetries. One needs to break all these symmetries in order to loose the degeneracy of the entanglement spectrum. In the meantime it is well-established that the Haldane phase is an SPT phase [49] . The double degeneracy in the entanglement spectrum is a hallmark for such a SPT phase when only a single cut is considered, as just explained. When PBCs are imposed and two cuts are present, multiplets stemming from the two cuts decompose into multiplets such as singlet, triplet etc. The simplest example is the pure AKLT state where a doublet on both cuts is present resulting in one singlet and Figure 10 . Comparison of the SMA-corrected ground state entanglement spectrum (leading order in ε, blue) (Eq. 11) and the exact ground state entanglement spectrum for a single cut in a N = 12 site chain of the Hamiltonian in Eq. 6 (red). All entanglement levels are even-fold degenerate in both cases. Since we mimic the single cut by imposing OBC and S z tot = 1, exact SU(2) symmetry in the ES is lost, but is still approximately present.
one triplet level. There is no non-trivial even/odd degeneracy constraint anymore.
Comparison of SMA predictions with numerical results
We test the SMA method quantitatively by comparing the entanglement spectrum of the SMA-modified ground state wavefunction with that of the exact ground state. We first consider an open chain with N = 12 sites and make a single entanglement cut which divides the system into two half-chains. The end spins are passivated by fixing S z tot = 1. In Fig. 10 we show both SMA (blue) and exact ES (red) for ε = 0.001. The lowestlying doublet, the entanglement ground state, is followed by a quadruplet and another doublet. The SMA state entanglement level multiplet structure is as predicted above (i.e. ten levels in total), but deviates noticeably from the exact result for entanglement levels above the lowest doublet. One reason is that the SMA-corrected ground state is of the form exp ∞ j=1 ε j Q j |Ψ 0 , where { Q j } are operators which scale extensively with system size. Hence an expansion of the exponential is really an expansion in powers of N ε. We can do a little better by expanding the SMA-corrected ground state wavefunction to second order, writing where
≡ K(j) in Eq. 12 above, and
In Fig. 11 we compare the low-lying entanglement levels related to Eq. 6 for the exact ground state as well as the first and second order SMA results, as a function of ε. We find that the ES is strongly affected for levels above the lowest eight states arranged in the doublet, quadruplet, doublet order. Due to the second order contribution, the sequence of entanglement levels (d=doublet and q=quartet) changes from d-q-dd for the first order SMA to d-q-d-q, which matches the exact sequence. Still, the second order contribution modifies the entanglement profile only marginally. The fact that there is still only a rough quantitative correspondence in ξ between the higher lying entanglement levels for the SMA-corrected and exact ground state indicates that the source of the disagreement lies in the approximate nature of the Bogoliubov-SMA approach itself, rather than the passivation of the end spins by projecting onto S z tot = 1, or the finite order expansion in N ε.
CONCLUSION
We have employed finite size ground state bipartitions to analyze the entanglement structure of isotropic spin-1 chains. The isotropic bilinear-biquadratic model allowed us to interpret many hallmark features of quantum spin chains from the viewpoint of entanglement. We investigated spontaneous breaking of translation symmetry in the dimerized phase and spin rotation symmetry in the ferromagnetic domain. Both phenomena can be unambiguously identified from entanglement just by analyzing a single small system size. Furthermore, we have shown how enhanced internal SU(3) symmetry affects not only the degeneracy structure of entanglement spectra similar to Hamiltonian spectra, but also the pronounced extensive amount of zero weight entanglement levels as seen for the Uimin-Lai-Sutherland point. This spectral distribution feature of entanglement approximately persists for the whole quadrupolar phase. Finally, the SPT character of the Haldane phase is precisely resolved by entanglement spectra. We have elucidated the correspondence between a boundary Hamiltonian spectrum and the entanglement spectrum of the associated ground state for periodic boundary conditions. In particular, we have identified the notion of the entanglement gap to hold in the thermodynamic limit. For the single mode approximation of the perturbed AKLT state and the operator product expansion derived form there, entanglement spectra allowed us to obtain a complementary view on the accuracy of this approach.
Our study strongly supports the view that the analysis of entanglement spectra of one-dimensional quantum systems provides insight which leverages the analysis of relatively small finite size systems, and will thereby constitute a preferable choice when large scale calculations are either not feasible or unavailable. with implicit summation over a = 1, . . . 8. We label the representation states of the fundamental representation rep. 3 by the colors blue (b), red (r), and green (g) (quarks). We will also treat the non-equivalent representation3 later, i.e., where the states possess the complementary colours yellow (y), cyan (c), and magenta (m) (antiquarks). Labelling the Gell-Mann representation by λ a in order not to confuse it with the generators T , the action on the fundamental representation 3 is given by
Their normalization is chosen to be tr λ a λ b = 2δ ab .
The Gell-Mann matrices form an orthogonal basis of sl 3 , the Lie algebra of SU (3), and satisfy the commutation relations
The structure constants f abc are totally antisymmetric and obey Jacobi's identity
All non-vanishing structure constants are obtained by permutations of the indices from The Gell-Mann matrices also close with respect to the anticommutator:
with the fully symmetric structure constants enabling us to write the spin 1 bilinear terms in terms of λs. The same can be done for the biquadratic terms, exploiting anti-commutation and commutation relations of the Gell-Mann matrices λ [50] . Accordingly, the Hamiltonian part Whenever spatial indices are suppressed in the following, we assume that multiple powers of λ act on the same site. To calculate Eq. A.11, we make use of A.6 and find (λ 2 ) 2 = higher-lying entanglement levels. For instance, for spin 1 Heisenberg chain with PBC the entanglement gap is above the lowest singlet and triplet; for the spin- Heisenberg chain, we consider the gap above the single lowest singlet state. Fig. B1 shows examples for gapped and gapless models. Plots on the left (right) correspond to OBC (PBC). The spin 1 Takhtajan-Babujian (TB) model (θ = 7π/4), the spin- 1 2 Heisenberg chain, and the spin- Heisenberg model and the spin 1 TB model, both ξ 1 − ξ 0 and ξ 2 − ξ 1 are shown. The characteristic scaling behavior vs. 1/N agrees with the prediction of Calabrese and Lefevre [51, 52] . For gapped models, we find that the entanglement gap already saturates for rather small systems sizes (N = 30 for OBC, N = 60 for PBC), supporting the existence of an entanglement gap in the thermodynamic limit.
